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ABSTRACT 

We discuss the appearance of modular functions at the one-loop gauge and gra- 
vitational couplings in (0,2) non-decomposable N=l four dimensional orbifold com- 
pactifications of the heterotic string. We define the limits for the existence of states 
causing singularities in the moduli space in the perturbative regime for a generic vac- 
uum of the heterotic string. The "proof provides evidence for the explanation of the 
stringy Higgs effect. 



1 Introduction 



The purpose of this paper is to examine the appearance of one-loop threshold corrections 
in gauge and gravitational couplings, in four dimensional non-decomposable orbifolds of 
the heterotic string. In AV N = 1 orbifold compactifications the process of integrating out 
massive string modes, causes the perturbative one- loop threshold corrections^, to receive 
non-zero corrections in the form of automorphic functions of the target space modular 
group. The one-loop threshold corrections can be calculated either by calculation of string 
amplitudes or by the sum over modular orbits. The latter technique will be used in this 
work. 

At special points in the moduli space, previously massive states become massless, and 
contribute to gauge symmetry enhancement. The net result of the appearance of massless 
states in the running gauge coupling constants appears in the form of a dominant loga- 
rithmic term. In section two we will discuss the logarithmic term effect and suggest that 
its appearance, due to the nature of the underlying modular integration, sets specific lim- 
its in the mass of the previously massive states that becoming massless at the enhanced 
symmetry point. 

In addition, in this paper, we are particularly interested in the calculation of one- 
loop threshold effects in non-decomposable orbifolds, using the technique of summing over 
modular orbits, that arise after integrating out the moduli dependent contributions of the 
heavy string modes. The last technique have been used in a variery of contexts, such 
as, the calculation of target space free energies of toroidal compactifications in [|I| and of 
Calabi-Yau compactifcation models 0, in addition to the calculation of threshold effects 
to gauge and gravitational couplings in = 1 AV decomposable orbifold compactifications 
0] and the calculation of target space free energies and yU-term contributions in = 1 AT> 
non-decomposable orbifold compactifications in 0]. In section three we will discuss the ap- 
pearance of automorphic functions of ro(3) j, jj via the calculation of modular orbits of target 
space free energies and thus the threshold corrections, generalizing to non-decomposable 
orbifolds the discussion in Q for decomposable ones. In sections four and five we will com- 
plete the picture by extending the calculation of one-loop threshold effects to gauge and 
gravitational couplings respectively, using the sum over modular orbits (SMO), to A^ = 1 
AT> non- decomposable orbifolds. We will exhibit the application of SMO by examiming a 
Zq N = 1 non-decomposable orbifold which exhibits a r°(3)y x T°{3)^ target space duality 
group in one of its two dimensional untwisted subspaces. The gauge embedding in the 
gauge degrees of freedom will not be specified, apart for its torus subspace part, and 

"'^which receive non-zero moduli dependent corrections from the N = 2 unrotated complex planes 
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kept generic in order for the threshold effects to be dependent only on the Wilson line 
context of its two dimensional subspace. 



2 Massless singularity limit 

In general, if one wants to describe globally the moduli space and not just the small field 
deformations of an effective theory around a specific vacuum solution, one has to take into 
account the number of massive states that become massless at a generic point in moduli 
space. This is a necessary, since the full duality group 50(22,6; Z)t mixes massless with 
massive modes^j. It happens because there are transformations of 0(6, 22, Z) acting as 
automorphisms of the Lorentzian lattice metric of F*^^'^^^ = T^^'^^ © r*^*^'^^) that transform 
massless states into massive states. 

Let us consider now the T2 torus, coming from the decomposition of the Tg orbifold 
into the form T2 © T4. At the large radius limit of the it was noticed illl that in the 



presence of states that become massless at a point in moduli space e.g, when the T — > [/, the 
threshold corrections to the gauge coupling constants receive the most dominant logarithmic 
contribution in the form, 

A.(r,f) ^b'f ^e-^^^(^)- ^-b'JogM'in (1) 
Jr ^2 

where b'^ is the contribution to the /5-function from the states that become massless at the 
point T = U. Strictly speaking the situation is sightly different. We will argue that if we 
want to include in the string effective field theory large field deformations and to describe 
the string Higgs effect flOl and not only small field fluctuations, eqn.(|l]) must be modified. 



We will see that massive states which become massless at specific points in the moduli 
space do so, only if the values of the untwisted moduli dependent masses are between 
certain limits. In ||lT| this point was not emphasized and it was presented in a way that 
the appearance of the singularity in eqn. (|1|) had a general validity for generic values of 
the mass parameter. 

We introduce the function Exponential Integral Ei{z) 



00 ^-t 



Ei{z) = J —dt {\argz\)<7T), (2) 
with the expansion 

E^{z) = -^-lnz-J2^-^- (3) 

nnl 

71=1 
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It can be checked that for values of the parameter \z\ > 1, the Inz term is not the most 



dominant, while for < 1^1 < 1 it is. 



In the latter case |jT2[ the Ei{z) term is approximated^ as 

Ei{z) = —ln{z) + ao + aiz + a2Z^ + 032;^ + 042;'' + a^z^ + e{z). (5) 
Take now the form of eqn.(|I|) explicitly 

A{z,z)^b'l drJ e-^^^(^)-. (6) 

J\ti\<1/2 Jy/l^ 

Then by using eqn.(0) in eqn.(^), we can see that the —b'^ lnM'^{T) indeed arise. Notice 
now, that the limits of the integration variable ti in the world-sheet integral in eqn. (|ID are 
between —1/2 and 1/2. Then especially for the value |1/2| the lower limit in the integration 
variable T2 takes its lowest value e.g (1 — rf)^/^ = (1 — (1/2)^)^/^ = ^3/2. Use now eqn.(||). 
Rescaling the T2 variable in the integral, and using the condition < 2; < 1 we get the 
necessary condition for the logarithmic behaviour to be dominant'^ 

< M'iT) < (7) 
v3a' 

This means that the dominant behaviour of the threshold corrections appears in the form 
of a logarithmic singularity, only when the moduli scalars satisfy the above limit. 

We know that for particular values of the moduli scalars, the low energy effective theory 
appears to have singularities, which are due to the appearance of charged massless states 
in the physical spectrum. At this stage, the contribution of the mass to the low energy 



gauge coupling parameters is given by |TT 



M' ^-nn\T-v\\ (8) 

where the tlh represents the number of states (^u which become massless at the point p. 

The parameter (a'-\/3/4)M^ must always be between the limits zero and one in or- 
der that the dominant contribution of the physical singularity to A to be in the "mild" 

^ The "Exponential Integral" Ei{x) for < a: < 1 is Ei{x) = —ln(x) + ao + aix + 0:22; + aj,x + a^x + 
a^x + e{x), |e(x)| < 2 x 10"'', with the numerical constants Oi to be given by 

ao = -5.77 ai = 0.99 aa = -0.25 

= -0.55 ai = -0.009 ag = 0.00107 (4) 

^Restoring units in the Regge slope parameter a' . 
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logarithmic form (|]). Therefore, the complete picture of the threshold effects, when the 
asymptotic behaviour of the threshold corrections is involved, reads 

where 9 is the step function. Threshold effect dependence on the 9 function, takes place 
in Yang - Mills theories, via the decoupling theorem [Q. The contribution of the various 
thresholds decouples from the full theory, and the net effect is the appearance of mass 
suppressed corrections to the physical quantities. Their direct effect on the low energy 
effective theory is the appearance of the automorphic functions of the moduli dependent 
masses, after the integration of the massive modes. 

So far, we have seen that the theory can always approach the enhanced symmetry point 
behaviour from a general massive point on the moduli space under specific conditions. For 
"large" values of the moduli masses the enhanced symmetry point can be approached if its 
mass is inside the limit (|^). Remember that at the point T = p eqn.(^) breaks down, since 
at this point perturbation theory is not valid any longer. 

3 Target space automorphic functions from string compactifica- 
tions 

Before looking at the appearance of automorphic functions in the one-loop gauge and 
gravitational couplings of AV orbifold compactifications, using the sum over modular orbits, 
we need some background on the mass operator moduli dependence in orbifolds. For 
orbifold compactifications, where the underlying internal torus does not decompose into a 
= 2^2 ffi T4 , the Z2 twist associated with the reflection —I2 does not put any additional 
constraints on the moduli U and T. As a consequence the moduh space of the untwisted 
subspace is the same as in toroidal compactifications and orbifold sectors which have the 
lattice twist acting as a Z2, give non-zero threshold one-loop corrections to the gauge 
coupling constants in = 1 supersymmetric orbifold compactifications. 

In the study of the untwisted moduli space, we will assume initially that under the 

action of the internal twist there is a sublattice of the Narain lattice T22fi in the form 

^22,6 3 r2 © r4 with the twist acting as — I2 on In the general case, we assume that 

there is always a sublattice"^ ^^+2,2 © ^r+^A C ri6,6, where the twist acts as — /q+4, on 

''this does not correspond to a decomposition of the Narain lattice as r22.6 = (£>■■■ since the 

gauge lattice Fig is an Euclidean even self-dual lattice. So the only way for it to factorize as Fig = Fg ©Fr, 
with q + r = 16, is when q = r = 8. 



4 



rij+2,2 and with eigenvalues different than -I on rr+4,4. In this case, the mass formula for 
the untwisted subspace Tg^2,2 depends on the factorised form = v'^cpcf^v, with taking 
values as a row vector, namely as 

f = (a"^, . . . , a''; n^, n^; mi, 7712). (10) 

The quantities in the parenthesis represent the lattice coordinates of the untwisted sublat- 
tice Tq^2,2i with a^, . . . , a'' the Wilson line quantum numbers and n^, ra^, 1711,1712 the winding 
and momentum quantum numbers of the two dimensional subspaces. 

Let us consider first the generic case of an orbifold where the internal torus factorizes 
into the orthogonal sum Tg = T2 © T4 with the Z2 twist acting on the 2-dimensional torus 
lattice. We will be interested in the mass formula of the untwisted subspace associated 
with the T2 torus lattice. We consider as before that there is a sublattice of the Euclidean 
self-dual lattice r22,6 as rg+2,2 © r2o-g ; 4 C r22,6- In this case, the momentum operator 
factorises into the orthogonal components of the sublattices with {pl',Pr) C rg+2;2 and 
{Pl, Pr) C T2o-q ,4. As a result the mass operator factorises into the form 

^M'=pl + P'^ + 2Nn. (11) 

On the other hand, the spin operator S for the rg+2;2 sublattice changes as 

pI-pI = 2{Nn + 1-Nl) + PI-PI = 2n^m + q^Cq, (12) 

where C is the Cartran metric operator for the invariant directions of the sublattice Y q of 
the Fie even self-dual lattice. In eqn's ([TT|JT^) , we discussed the level matching condition 
in the case of a orbifold admitting an orthogonal decomposition. 

Let us now consider the gauge symmetry enhancement^ of the Z^ — ll — h orbifold. This 
orbifold is defined on the torus lattice S'f/(6) x SU{2) and the twist in the complex basis is 
defined as 9 = exp{{2, -3, 1)^). This orbifold is non-decomposable in the sense that the 
action of the lattice twist does not decompose into the orthogonal sum = T2 © T4 with 
the fixed plane lying in T2. The orbifold twists and 6^, leave the third and complex 
plane unrotated . The lattice in which the twists and act as a lattice automorphism 
is the S0{8). In addition there is a fixed plane which lies in the SU{3) lattice and is 
associated with the twist. 

Consider now the k-twisted sector of a six-dimensional orbifold of the the heterotic 
string associated with a twist 9^. The twisted sector quantum numbers have to satisfy 

Q''n = n, Q*^m = m, MH = 1, (13) 



^ The information about the nature of singularities will then used in the calculation of the modular 
orbits. 
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where Q defines the action of the twist on the internal lattice and M defines the action of 
the gauge twist on the Eg x Eg lattice. 

In the Zq ~ II ~ b orbifold, for the N = 2 sector associated to the 0^ twist, ri^m = 
rriin^ + 3m2n^, and 



m'= ^\-TU'n^ + iTn^ -iU'mi + 3m2\l,=u+2 = M/iY/2), (14) 



,2 _ ^ 

mi ,m2n^ 



with Y = {T + T){U + tj). The quantity Y is associated with the Kahler potential, 
K = — logF. The target space duality group is found to be r°(3)T x T^(3)u', where 
U' = U + 2. Mixing of the equations ( |Tli |l^ ) gives us the following equation 

pI - ^M^ = 2(1 -Nl- ^Pl) = 2n^m + q^Cq. (15) 

The previous equation gives us a number of different orbits invariant under SO{q + 2, 2; Z) 
transformations : 

a) the untwisted orbit with 2n^m + q^Cq = 2. In this orbit, Nl = 0, Pi = 0. In 
particular, when = 0, this orbit is associated with the string Higgs effect. The string 
Higgs effect appears as a special solution of the (0) at the point where p| = 2, where 
additional massless particles may appear. 

b) the untwisted orbit where 2n^m + q^Cq = where, 2Nl + P| = 2. This is the orbit 
relevant to the calculation of threshold corrections to the gauge couplings, without taking 
into account the enhanced gauge symmetry points. 

c) The massive untwisted orbit with 2Nl + Pl > 4. Now always > 0. This orbit will 
be of no use to our attempt of exhibiting the singular behaviour of threshold corrections. 
Let us now consider, for the orbifold Zq — II — b, the modular orbit associated with the 
string Higgs effect. We are looking for points in the moduli space where singularities 
associated with the additional massless particles appear and have as a result gauge group 
enhancement. This point correspond to T = U with = n"^ = and = = ±1. At 
this point the gauge symmetry is enhanced to SU{2) x U{1). In particular, the left moving 
momentum for the two dimensional untwisted subspace yields 

pI = ^r;^\TUn2 - fn, - lU'm, + Sms^ = 2, (16) 
ZI2U2 

while 

pi = -^—\ - TU'n'^ + iTn^ - iU'nii + SmaP = 0. (17) 

At the fixed point of the modular group r"(3), ^(l+iVs), there are no additional massless 
states, so there is no further enhancement of the gauge symmetry. 
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We will now use eqn.(0) to calculate the stringy one- loop threshold corrections to 
the gauge coupling constants coming from the integration of the massive compactification 
modes with (m, m', n, n') ^ (0, 0, 0, 0). The total contribution to the threshold corrections, 
coming from modular orbits and associated with the presence of massless particles, is 
connected to the existence of the following^ orbits 0, |^, ^, 

Ao = log A< Leo 

Ai = V logA^Leq- (18) 

In the previous expressions, a regularization procedure is assumed that takes place, which 
renders the final expressions finite, as infinite sums are included in their definitions. Mo- 
rover, we demand that the regularization procedure for has to respect both modular 
invariance and holomorphicity. The regularization is responsible for the subtraction of a 
moduli independent quantity from the infinite sum e.g meorbit^^S-^- The regulariza- 
tion procedure for the case of a decomposable orbifold, where the threshold corrections are 
invariant under the SL{2, Z), were discussed in P|. The general case of the regularization 
procedure for the case of non-decomposable orbifolds, where the threshold corrections are 
invariant under subgroups of SL{2, Z), was discussed in 0]. 

Let us consider first the orbit relevant for the string Higgs effect . This orbit is associated 
with the quantity 2n^m + q^Cq = 2, where n^m = miv} + 3m2n^. The total contribution 
from the previously mentioned orbit yields : 

T ^ 2 , = 5^ T . \ogM+ V \ogM+ V logA^ + ... 

(19) 

We must notice here that we have written the sum over the states associated with 
the S'0(4,2) invariant orbit 2n^m + q^Cq = 2 in terms of a sum over r°(3) invariant 
orbits n^m = constant . We will be first considering the contribution from the orbit 
2rt^m + q^Cq = 0. Note that we are working in analogy with calculations associated with 
topological free energy considerations |l|, ||, ^, |]. From the second equation in eqn.(|T8D, 
considering in general the 50(4, 2) coset, we get for example that 

Ai oc \ogM= logA^+ Y logM + ... (20) 

n'^m+(j2=0 n^m=0,q=0 n'^ m=—l,q^=l 

Consider in the beginning the term J2ni'm=o q=o^'^S-^- We are summing up initially 
the orbit with n'^m = 0; [n, m) ^ (0, 0), 

A4. = 3m2 — irriiU' + in^T + n^^—U'T + BC) + q dependent terms. (21) 



^we calculate only ^logA^ since X^logAl''' is its complex conjugate, 
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We calculate the sum over the modular orbit ri^m + = 0. As in |P] we calculate initially 
the sum over massive compactification states with qi = q2 = and (n, m) 7^ (0, 0). Namely, 
the orbit 

logA^ = log{3m2 — irriiU' + iuiT + n2{—U'T)) 

+ (3,„^_,„,„,:^„.^_„.^^;,^) +o((gg)^)^ P^) 

(n,m)^(0,0) 

The sum in relation (|22|) is topological (it excludes oscillator excitations) and is subject to 
the constraint 3m2n^ + rriin^ = 0. Its solution receives contributions from the following 
sets of integers: 

^2 = rir2 , n2 = S1S2 , mi = -3r2Si , rii = riS2, (23) 
^2 = 'rir2 , 71,2 = S1S2 , rrii = -r2Si , rii = 3riS2, (24) 



and 



J] log^=log[(^77"2(T)ir2(^)^(l-4i?C(9Tlogr/(T)) x 



m=0, q=0 



(^c/logr](y))] +log[((r'(t/')^)r'(f))(l-4i?C(9Tlog X 

r;(f))(5[;logr/(f/')))] +0((i?C)2). 



(25) 



The previous expression is associated with the non-perturbative P, |[ gaugino generated 
superpotential W, which comes by direct integration of the string massive orbifold modes. 
The contribution of this term could give rise to a direct Higgs mass in the effective action 
and represents a particular solution to the fi term problem. These issues are discussed in 



1^. The threshold contribution of (]25|) to the modular orbit Ai of eqn. (|18|) is obtained by 
substituting (E^) in (EDf) yielding 



Ai (X \og[(^r^~\T)^r'{Y)) (1 - 4 5C (9Tlogr^(T)) x 
(5[/logr^(y))] +log[((r^(f/')^)r'(|))(l-45C(9Tlog X 

v{^)){d'u\og^{U')))] +.... (26) 

The previous discussion was restricted to small values of the Wilson lines where our (0, 2) 
orbifold goes into a (2,2). We turn now our discussion to the contribution from the first 
equation in (|1^) which is relevant to the stringy Higgs effect. Take for example the expan- 
sion (plQl) . Let's examine the first orbit corresponding to Ao,o = Sni'm=i g=o ^°S-^- '^^^^ 
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orbit is the one for which some of the previously massive states, now become massless. At 
these points Ao,o have to exhibit the logarithmic singularity. In principle we could predict, 
in the simplest case when the Wilson lines have been switched off that Ao,o niay be given 
by 

Ao,o = ^^siTU'n^ + Tn^ - U'mi + Sms) = log{(cu(T) - uj{U'))^ x 



m=l 



MT)-' vi^y" + ^(f ^(f^')"'} + • • • ' (27) 



where uj(T) is the hauptmodul [T^ for the subgroup T°{3)j,, namely u = [?7(T/3)/?7(T)]^^. 



The behaviour of Aq term reflects the^ fact that at the points with T = U, generally 
previously massive states becoming massless, while the eta-terms are needed for consistency 
under modular transformations. Finally, the integers C have to be calculated from a 
string loop calculation or by directly performing the sum. Note that for the R.H.S of (^) 
there is no known way of directly performing the sum. 

After this parenthesis, we continue our discussion by turning on, Wilson lines. When we 
turn the Wilson lines on, for the SO {4, 2) orbit of the relevant untwisted two dimensional 
subspace, Aq^o becomes 

Ao,o= Yl ^og{3m2-imiU + iniT -n2iUT - BC)}. (28) 

The sum after using an ansatz, similar to and keeping only lowest order terms satisfy 
Ao.o = \og{u{T)~u{U)-BCX{T,U)f + logMT)-'v{^r' + 



+ vi^r'viur'-Bcy{T,u)} + ... 



(29) 



The functions X{T, U), y{T, U), may be calculated by the demand of duality invariance. 
Let us first discuss the calculation of X{T,U). Demanding duality invariance of the first 
term in (^), under r°(3)^ modular transformations, we get that X{T, U) has to obey - to 
the lowest non-trivial order in B C - the transformation 

X(T, U) ^"^"^ {t^U + X(T, U) - t^it^U + S) (dMT)). (30) 



In (|30|) we have used the fact that under the T°(3)rj target space duality transformations 



B ^ -7^, C*^— /5 = 0morf3, (31) 



^in the following we will be using the variable U instead of U' . 
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which leave the tree level Kahler potential 

K = - log[(T + f){U + U)-{B + C) (B + C)] (32) 



invariant |T5|, the following transformation is valid 

a;(T) - coiU) ^(T) - u;{U) - {dMT)). (33) 

In a similar way invariance under r°(3)j, transformations 

r°(3)^ aT-i(3 . EC 

T ■ rj. , . , U - ?7— — — , aS-(3'y = l, 

t'-fl + «7i + 

B ^ C^-^— /3 = 0mod3, (34) 

«7i + Z7i + 



which leave (|32D invariant, X{T,U) has to transform as 

X(T, U) ^"^^ {i^T + 6f X(T, f/) + ^7(^7T + 5) {duuj{U)), (35) 



up to the lowest order in B C . So far we have described the properties of X(T, U) under 
modular transformations. The final form of our function, which has to respect the proper 
modular transformations, and to reveal the presence of physical singularities in the quantum 
moduli space reads 

X(T,f/) = -?,du{\ogn\^)} J{T) + dT{\ogrf{T)} J{U) + 

(3{u^{T) - uj{U)]{r^\T)^\^)} + 0{{BCfl (36) 

where /3 is a constant which may be decided from a loop calculation. Lets us now try to 
determine the Y-term in 

V = log (^v{T)-' Vi^r' + Vi'^r' V{U)-' - BC y{T, U)^ (37) 

of (^). It should transform with modular weight -1 under r°(3)^ transformations. In this 
case we find that 3^ has to transform, up to order BC as 

y{T, u) {^^u + 6) y{T, u) - ii{r\^){dT r\T)) + {drr^-)) r\u)}. m 

On the other hand, if we demand that it transforms with modular weight -1 under r°{3)j, 
we get that, up to lowest order in BC, 

y{T, u) {^^T + 5) y{T, u) - ii{{dur\^) r\T) + {duv-\u)) m 

10 



The modular properties (|38|), (pOD and the presence of the physical singularities in our 
moduli space fix the function y(T, U) up to order {BCY as 

(40) 

where p may be decided from a a loop calculation. It follows now, from ( PP] ) that e^°'° ^ 
reads up to the order (5C)^, 

e^°'» (X [{u{T) - a;(f/))« {r^(T)-2 r^(|)-2 + r,{^)~' r,{U)-'} - BCy[u{T) - uj{U)f - 

-i {u{T) - u{U)f-' BCXMT)-' vi^r' + Vi^r' viU)-'} + 0{iBCn{Al) 

We must notice here that the expression for e^°''' transforms with modular weight -1 under 
the ^°[3)^rp modular transformations (^,^). This is natural since from the relations 0, 

Z = e = —det{{ — -) — ; — 



Ffermionic= 2^ ^^g det{{—^) — ) , (42) 

(n,m)^(0,0) 

where Ffermionic the fermionic free energy, the quantity e^°'° is identified with W, the 
superpotential. 



4 Threshold corrections to gauge couphngs 

We will now analyze the threshold corrections to the gauge couplings, due to the integra- 
tion of massive modes, in the case of = 1 symmetric (2, 2) non-decomposable orbifold 
compactifications of the heterotic string. When considering an effective locally supersym- 
metric theory, we have to distinguish between the kind of renormalized physical couplings 
involved in the theory. These are the cut-off dependent Wilsonian gauge couplings and 
the moduli and momentum dependent effective gauge couplings (EGC). Let us consider 
contributions to the EGC from the (2, 2) symmetric non-decomposable Zq — II — b orbifold 
considered in the previous section. We want to examine the EGC when the embedding 
in the gauge degrees of freedom is such that the gauge group in the "observable" sector 
gets broken to a subgroup by turning on Wilson line moduli fields B, C on the untwisted 
subspace of the non-decomposable orbifold. We consider a general embedding in the gauge 
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degrees of freedom such that the gauge group, in the "hidden" sector remains unbroken, 
namely E'^. The contributions to the EGG receive contributions from all the N = 2 sectors 
of the nondecomposable orbifold. Here for simplicity reasons we will consider only the 
contribution to the thresholds of the EGG from the = 2 0^ sector that were examined 
in the previous section. We examine first the contributions to the EGG from the unbroken 
E'^ gauge group. In this case the threshold corrections Ae' receive contributions from the 



untwisted N = 2 orbit, 2n m + q Cq = 0, of (PSj) yielding 



A^. =c(i?^) log (^9KT) v{^)\'\l-BC{dT\ogv\T)){dulogv\U)\-'^ + 

+ c{E',)\og (^9\viU) - BC{dTlog7^'{^)){dulogv\U)\-'^ . (43) 

The full threshold corrections to the EGG receive an additional contribution from the 
massless modes, due to Kahler and sigma model anomalies equal to 

Amassive = CaK - 2 ^ T„(r) log detg^, (44) 

r 

where Ca = —C{Ga) + Tlir'^aij'), Ca the quadratic Gasimir of the gauge group Ga, K is 
the Kahler potential of the N = 2 unrotated subspace, the sum is over the chiral matter 
superfields transforming in a representation r of Ga and Qr is the cr-model metric of the 
massless sector that the matter fields in the representation r belong. The equation for 
the EGG associated to the Eg for a scale << Me'^, after taking into account (^) and 
the contribution fron the massive states that have been integrated out, namely eqn. 
becomes 



1 S + S Be' 



- 2 + log ^ - log ((T + T)(i? + 5)- (5 + C)(C + 5)) 

+ c{E',)log (9|r^(T)r/(|)ni -5C(9Tlogr/2(T))(9t;logr^2(|)r2^ + 
+ c(E^)log (^9\r^iU) r/(|)ni - BC{dT log v\^)){du log v'm-'^ , (45) 
where fe^^ = —3c{E'g) and 

~aE', = CE', = -c{E',). (46) 

In the following we will consider that, in the running of EGG at the "observable" 
sector, beyond the high energy string scale there is an additional scale, e.g M/, for which 
supersymmetry remains unbroken and the gauge group G, sitting at the high energy scale, 
gets spontaneously broken at a subgroup. By inspection of (^) we can realize that below 
the string scale M string there is an additional scale given by Mi = \uj(T) — u{U)\Mstring- 
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This is exactly the scale corresponding to gauge symmetry enhancement to SU{2) x U{1). 
Lets us now try to calculate the running gauge coupling for the two additional massless 
vector multiplets^ present in the spectrum at the point T = U . Note that the running of 
the gauge couplings for points different than T = U, between the scales Mj and M string, is 
given by 



wtl6r6 ^massive 

is given in Here, ba = -3c{Ga) + J2c'^a{rc) - 3^yTa(ry), with the 
first sum runs over the chiral matter superfields transforming under a representation rc of 
the gauge group with Ta{rc) = Trrp(T^), the second sum runs over light vector multiplet 
representations ry, and Tq denotes a generator of the gauge group. In the case that the 
gauge coupling of the vector multiplets is in the region « Mj, we get 

+ -^log^ + A, (48) 



where 



Here, 



A = -^{log UhT)v{\)A + log UhU)^{\)\']]. (49) 



au{i) = -c(f/(l)) + 5^T^(i)(l + 2nt;(i)), (50) 
c 

where nu(i) the modular weights of the light chiral superfields. Note that the moduli metric 
of the untwisted = 2 plane, from (||), gr = ((T + f )(f/ + f/))"*^, with nc the modular 
weight of the light chiral superfields. Let us now apply (^ |5^) to the running gauge 

coupling belonging to the 2 additional vector mupliplets present in the spectrum above the 
threshold scale Mj, for the Zq — II — b orbifold, 

^ = ¥ + log + HS^log {.{T) - u{U)f - 

{log ((T + f){U + f/)9|r^(f )r^(T)|4) + log ((T + T){U + f/)9|r/(f/)r^(f )|^)}. (51) 

Here, bu(i) = 0, since cu{i) = and there are no hypermultiplets charged under the U{1). 
In the same way, a(7(i) = 0, since the gauge group under the additional threshold scale Mj 
is abelian. The coefficient 6^/(1) equals bu{i) +26^^^, where by^c the contribution from the P- 
function coefficients of the N = 2 vector multiplets which are massless above the threshold 
scale and 2 counts their multiplicity. The additional threshold scale beyond the traditional 
string tree level unification scale is the one associated with the term uj{T) — uj{U). The 
threshold scale is associated with the enhancement of the abelian part of the gauge group 
to SU{2). 

^ In the case of = 1 four dimensional compactifications of heterotic string vacua, the moduh of the 
invariant subspace belongs to vector multiplets. 
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5 Threshold corrections to gravitational couplings 



Let us now discsuss contributions to the running gravitational couplings in (2, 2) symmetric 
Zn orbifold constructions of the heterotic string. 

For (0, 2) Zjv orbifolds the effective low energy action of the heterotic string is 

C = ln+ C + \Sr {GB) + jSi RabcdR"'"', (52) 

^ 4 9grav 4 4 

where Sr = (S+S), Sj = 2ImS. We have used the conventional choice for the gravitational 
couplings is l/ggrav = Sr , while GB is the Gauss-Bonnet combination 

4 (GB) = - 2nlf, + (53) 

and C the Weyl tensor Cabcd- When the above relation is written in the form 

C oc A3™''(T, f )(7^Lrf - AKl, + 7^2) + e^™^(T, f )e"^^'='7^,fee/7^:^, (54) 

where (B^'™''(T, T) the CP-odd part of GB, then the one-loop corrections [TB|, A^™^, to 
the gravitational action in = 1 decomposable orbifolds, in the absence of Green-Schwarz 
mechanism, give A^™^ oc 6^^2 log(^ + ^)l^(^^)l^! where 6^^2 gravitational /3-function 
coefficient that receives non-zero contributions from the N = 2 sectors. 

The corrections to the gravitational couplings considered up to know in the litera- 
ture, are concerned with the decomposable orbifolds. We will complete the discussion of 
corrections to the running gravitational couplings by examining non-decomposable orb- 
ifolds. For the latter orbifolds the threshold corrections are expressed in terms of automor- 
phic functions belonging to subgroups of the inhomogeneous modular group PSL{2, Z) = 
SL{2,Z)/±1. 

We focus our attention to the case of Zq — 1 1 — b orbifold. We consider the case of 
vanishing Wilson lines in the sector. In the presence of the threshold -C Mf <C 

M string, WC get 

+ log - ?b log ^ W(^^) 9 



and 



■^log(V(|)r/^(f/)) (55) 



+ log ^ - log {{T + TKU + U)) . (56) 
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Here — — jjp, r = the treel level coupling, hgrav, bgrav the /3-function coefficients 

9 gravV^^ string/ 

for the range « Mj, Mf « « M string respectively. Note that in (|55| , |56|) we 
neglected the contributions for the Zq — II — b orbifold that are coming from the other 
N = 2 sectors. For all our stydy and conclusions regarding we have considered 

that our orbifold has only one N = 2 sector, the sector. If we want to consider the full 
Zq — II — b orbifold, we should add the holomophic contributions from the other N = 2 
sector in addition to the contributions to the /3-function coefficients of the fixed plane 
lying in the SU{3) lattice, invariant under the twist, for which the contributions to 
the gravitational running couplings transform under PSL{2, Z). The (igrav comes from 
non-holomorphic contributions from Kahler and a- mo del anomalies and is given by dgrav = 
^(21 + 1 — dimG + •jm + J2c(^ + '^^c))' where •jm is the contribution from modulinos. 



The ttgrav has been calculated in the absence of continuous Wilson lines ||T^ as coefficients 



of the Gauss-Bonnet term in the gravitational action and represents the contribution of 

igrav = b^r7v ■ The Coefficient a'^^^^ 



the completely rotated N = 2 plane. In that case agrav = b^rav- The coefficient a' 



has also been calculated in and equals b^^^^. Moreover, because of the contribution 
of the additional vector multiplet which become massless above the enhancement scale 
Mi, {bgrav - bgrav) = Igrav + Igrav^ ^Ith j^rav^ l^rav t^c coutributious to the gravitational 
/3-function arising from the decomposition of the additional N = 2 vector multiplet in 
terms of its = 1 multiplets. That happens because any N = 2 vector multiplet, can be 
decomposed into a = 1 vector multiplet and a = 1 chiral multiplet. Substituting (^) 
into (|56|) we get 

^ + ^ log - log \uj{T) - uj{U)\^ 



ggrav'ip') 2 167r2 - p2 16^2 

log((^ + T){U + U)r^W{^)9) - ^ log((T + f){U + f/)r/^(f/)r^^(|)9), (57) 

which is invariant under Tq{3)t,u transformations. 

Orbifolds, where the target space modular groups belong to a subgroup of the modular 
group may be found from further compactifying six-dimendional F-theory compactifications 
on a general Calabi-Yau 3-fold with an F„ base where the order of the Mordell-Weyl group 
may be three [1^, p!8| 
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